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Abngtoact

The Haller integral egnation foz tae current and impedance ¢f &

thin wire loop antenna is solved using a Fourier Series. SNxtansive
tables of theoretical loop antenna impedances are prasented wkich
(Zoz the one case testad) aze iz sattsfactory agreement wita axperi-
mant. Some graghical results are alse givea which facilitate tbe
evaluation of the curreat distribution,




impedance of Thir Wire Loop Antennas »
by
James E, Storer

Cruft Laboratozy, Harvard Univereity

{
Introduction =

The thia wirs loop is one of the first aatennas to receive theoretical C
coasidorstion, kaving boen discussed by Pocklington [1] ia 1897. Focilington :
treateé & cicsad ioop excited by a plane wave; he obtained an exact solution
for the current on the loop in the form of a Fourier séries. More racently, *
Hallén [2] considered 2 driven loop and obtained a solution, again in the
form of a Fourier- series, for the current and the impedance. However, -
Hailén pointed out that the coefficients of this ssries contained a singularity =
which msde the sar;; ouly quasiconvergent and herce useful caly for loops )
smsil in comperison to « wavelength, Mozsovar, the individusl terms were _
cemplictteﬁ and their evaluaticn and » summation involved a somewhag |
difficult numerical task.

o .
L

"

More recently, in an effort to obtein.mumerical resuits, othsr authors
have dealt with the problem using approximation methods. Chang (3], for
sxample, applied the Hallén-King-Middleton expaacion; Scheikunofi {4] has. .
ussd a guided-mode approximation; and the author (unpublished) has used *
a variational approach, All of these approximation methods have one feature .
incomumion; they yield resulis which are in good agreement qualitatively with -
experiment, but poor agreement quantitatively.* The readonfor this can

bes explained by noting that ail the approximation methods require aome

asgumption &s to the currert distribution around the loop. Thaamostcommon

g-°---"-

It is quite possible that all of these methods, particularly Changts could be -
made t; 7ield better results by soing to high~r degrees of approximaticn; the 2
resulting sumerical labor, however, is likely t2 be prohibitive. _ ’
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asgumpticn made is that the curcent distribution approximstes a sinusoidal
distribution. As will be shown éubsequently, the sinusoidal assumption i:
not satisfactory, particularly for the current asar the driving point of the
antenna. .

In the present paper the rigorous Fouriar series solution obtained by

1ién ic reexamined, and modified so that the convergence difficulties
entountered by Hallén are avoided. Extensive numierical results are pre-
sented in Appendix II for the impedances of loops for varying wire sizes
and circumferences vp to two and one-hslf wavelengths. Appendix Il pre-
sents some curvsy which aid in the compusation of field patterns and current
distributions. For an antenna having a particular wire size, some ex-
perimentally measured impedances are presented which agree well with
theory.

I
Fourier Series Solution for the Current Distribution

Integral equations for the current distribution on thin-wire antenna
structures are readily obtained by expressing the electric fieid as a
function of the current, through Helmholtz integrais, and then equatipg
the total electric field to zero along the wire surfacsz. ¥ollowing this
procedure, with harmonic time dependence of the form e*j“, and with
coordinate system zad dimensions as indicated in Fig. 1.1, the'integral
equation for the circular loop antenna

erzcnaeis
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c&n be writter as
Ve =i | Kig-gmesen {n

where I{8) is the iotal current at ¢ on the loocp; V is the voitage of the slice
gersrator exciting t@eﬁa&t 9 = 0; 8(3) is the Pirac delta-function; and

k=wlk=2e/x; & = -§ = 120y ohms. The kernel of the integral equation,
(1) is given explicitly by °

N g T TG SN O (L

r 2 ) _-jkbR{g-¢7)
(-6 = | Kbeon (6-8) 4 ﬁzj T

4
R(s-#) = [4ain?B5E) + aZnlpt (2b)
where a ie the radius of the wire and b is the radivs of the lsop.

The thin-wire assumption, wkich provides the basis for obtaining this

one-dimensional current eguation, can be exprossad explicitiy as %2<< bz,
kzzz<< 1. The resuliing solution cannot be more accurate than the order

of these approximations.

g "
. g o
|

1 S.LDrL Lnr
Since W e "M ) 18 a bounded, pericdic functiozn of é; it can
be expanded into a Fourier series, i.e.,

o -TKbRUG-67) _

0o SRR

- 1
Kn'K-n"Z?

Using {3} together with {2), it is seen that

[s )
K(é-ﬁ') - Z un ejn(é'ﬁ‘),
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Inserting expression (5) inte intagral equstion {1) yielss

T <« F ;i
VAR =g ) e, L FUEFyigyap
-0 o

a.%a_, 3 kb

After expanding !¢) intc = Fourier series,

=
K$) = Lincm ;
-

it cau be sc2n thot {7) zeduces o

lusériiug inis resuir into equation () yieids

1(4)-3-—( Z e TZ‘ +zZ°°"“ (9

From this, the ircpedance of the antenna, Z is found to be

co « 3
V. . 1 1 ¢
= Yoy =i z"{-% +2 E} a } (10)

These results, (9) and {10), which were obtained by Hallén, comstituie
a formal soiution of the loop antenna. From ther the transmi’ting pattern
ard by recinracity the receiving pattern can be obtained. However, in order
to mak: them useful, son:e vay mus! be founa to evaluate the series numerically.

It can be shown that inese squati.ns, (9) and (10), are in agreement with

v

e . V] :
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the theory cf small loops. Using equaticn {4), and the explicit evaluagion
. of K, givea in Appendix I, it is rudily shown that for loops small in com-

parison to the wavelength the current is nearly a constant, indepsndent of
$ and

kb < 1, 2Z¥jm{e, =mIBK, i
+ 4
:-5—2 k‘bﬁd- jcgokb[ln%b--

This is the usual foxmuls for the resistancs and reactance of a small lcop.- i

P

I
The Fourier Series

Ir is apparent .rom the preceding derivation thet the ussiciness of this
method of solution depends on the evaluation of the series

© .
- 1 os né
. 1(4)-'1%'_; {:6:4, zZii;- : (11). .

Hallén proved that, for large n, the coefficients approachcasymptotically.
the value

?\
o~ ;EB' tln-— -Y-_lnnj s
where ¥i=,5772) is Euler's constant. It is apparent that o, becomes
extremely sms!l for values of n such that

s A VICR

R P

ngno x %‘3 Y N

res
1,
A

Hence the saries (11) has a "singularity*near n& .. From this fact
Hallén concluded that the series {11} could only be used in an "asymptotic"
fashion, i.c., it must converge satisfactoriiy by n ?-"Pz'l cince after this
the value of the individual tarms begin increasing in magnitude. This
zastriction meant that the ceries solution (1i) was only ureful for kb
small or b/a very large, Evam with thiz Mmitatica the summaion of nol 2
torms of this series in a forzoidatle task m.d, at Lest, yields relatively

SRR YA
»

R
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1asccurate results because of the "singularity. "

It must be remembered at this point that current is both bounded and
continuous (for phyzical reasons) and hence the geriee (1i) must converge.
Adopting this point ¢f view, the problem then becomes >pe of treating
Hallén's "singularity" in 2 more rignrous fashion.

A derivation of the value of mn is given in Appendix A, which is esrentially
identical to that of Hallén's, but which includes the dominant complex term as
well. The result for large n in

2 Zn+1
o~ (kb - B Miny - Inn - j ﬁ%zr"

2b _-¥
where n,3ge .

It is apparent that the inclusion of the rather negligible complex term in
(12) cannot alter significantly the sum of the resulting series. However, with

its inclusion a, is never equal to zero. This fact will be used subzequently
to permit a replacement of the series by an integral.

The following work will be restricted to loops in which kb < 2.5 ——i.e.,
the circumference of the loop is iess than two-and-a-half wavelengths. *
Almost all loop antennas of practical iuterest are contained in this range.
The sexies {11} can then be writien in the form

4
v |1 N "cosng
1(‘)-3-;-2;{;0 *ZZ‘_;—_an ""‘P(‘)} .
~ ! J

%n

o]
yi$) -2 p cosné (13)
5

. i
cyupes ¢
. ‘W-;-lh":&ﬂrw'“’?’?"-“‘ gk St

The procedure to be used will sum the first five terms of the series
expliciily, and zeplace the remainder of series Y {4) by an integral.

k2
4
=

33

Now, it can be shown by an insertion of numerical. alues that for

*The derivation can readily be modifiedto include values of kb larger than
2,5 if desired.
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Kb S 2.5and n2 5, the value of o differs negligibly from the asymptotic
value given by {12). Hence, to an excellent approximsaticn,

o ——— i e o

(8) = -2xkb T cos né . {14)
v y sg (2° - K an, - Ina- j(xb)"‘““/r‘(zuzn

The series {14) will now be replaced by an integral. The particular
formula to be used is

® @ ® 20+l
; = z’ d
?aﬁ _ ‘L-f R o cn[dx ' " x=N-1 ,

' 7
where ¢_ = 1/24,c, = - » etc.
° 17 2360
This zesult, {15), is valid provided a8, is an analytic function ofnin a
region which includes the real axis for n>N - 4 - . Results similar to
(15) have been given by Gumowski [5]. and others. it is essentially 2
modification-of the Euler-McClaurin sum formula.

Using (15) in connection with {14) yields

WV R SR N T e co"‘dx A gy
v 1 = =

3{.5 kzbz)(lnn mx-;{-n)‘—z\—)

2xkb | d cos xp

&5
(x -kzb")(lnno-lnx-jﬁ”-ﬂ—)-l

x=4.5

This replacement of the series {15) by the integral is possible oaly
because of the complex torm, which makes the argument an analytic function
of x along the real axis. Since kb< 2.5, the first (and higher) derivative
correction terms in (16) are small (less than 1% comparedto Y(¢) and canbe
ignored, since ¥(¢; is at best a minor part of I(¢) in (14). Hence,

i )
y# = -zeio | -

4.5 x -kzbz‘(lnn Inx- Jrkb )

cosx¢ ¢x

(17)
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Next, it can readily be shown that the complex term in i"\e integral of {17)
can also be ignored. This yields

Y é) = -2vkb f

cos x¢ dx - 118) .
4.5 3

(x*-k%)(inn,_ - Inx)

The integral in (18), which is to be interpreied in the "principal value"

sense, can he yewritten as follows:

${6) = Yyld) + 4y (é) (19a) g

®© i
Gy(6) = - 2nkb | Corxé | dx (19b)

45 ° x

o

2

Yo () = - 2ekb cosx$ . kzb dx 19 « S
2(8) "‘ 4}?5 mn, - 2 7 27 {19¢) -

Since n, is quite large and kb < 2.5, (19c) becomes, to a satisfactory apprixi-
mation: -

2,2
v _-2zkb k"b" cos x¢
V9% mn_mLy r Zians B

4.5 i
n -25K D> F’ cosxd =
) no J x B
ln(-_,:—s) 4.5 N
U SN A P90 :
o 5 2
In(r=)

Thir integral,J z(é),can he evaluated-exglicitly in terms of sines, cosines,
and imcgral sines.
Usiag thesc results, an explicit formula for the current distribation ~

can be writien as:




-

o

ey

Yooy

R

R R R

o m eyt SR IR AR TR SRR I

4 -
1 cos 2% kb 1 3
1(6) -—+ 2 —— - ) 3,(6)+ )J 4) ;
J Za {“o ; o, mhﬁ:o') Lh 1 (1'5' P J s
120} 1
where 3
1n(7%)
Jl(‘) = z.—b'- E . cOos (%.5‘) dx (218) . ;:
1 107 Iax x N
I(6) = T i‘liig:'_-"_’f.ﬂ dx {21b) 1
1 -
2b

n, == e and explicit formdtas far the q, are given in Appendix A.

Note that the Jk(ﬂ integrals have only appreciable values near $#=0.
(An asymptetic formula for them, when § > 1, can readily ke obtained.) They
cannot be approximated satisfactorily by a sinuscid and are a partial
explanation of why approximate methods of dealing with tke loop antenna do
not yield good quantitative results.

The formula for the impedance of the loo, antenna becomes
et ony -
1

Thie result, in connection with Appendix A, forms the bavis for the impedance :
tables presented in Appendix B. The quantities J, (o) are explicitly given by 3

n, ~_‘.
s Ry -

A (0 + () Jzton}

(22)

m‘T‘S’

iz () +
Jl(°) 2 (1-:5 f ';-x dx
T2y
Ido) = 1/3
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Results

The imp+dance of loop zntennas for various values of b/a have been ‘
calculated using equation (22}, Ae a parametrr, the quantity

@ = 21n 222 (23)
has been chosen. Note that 2wb/a = c/a; where ¢ is the circumference of
the antenns. Hence (23) represents a definition analogous to that used for
dipole antennas.

In Appendix B, values of the impedance are tabuiated for 0 s kb ¥ 2.5 -
and 2=8, 9,10, 11, 12, They are also presented in graphical form., These ik
impedances are useful for examining the operation of & loop anienna as a

K

function of frequency. For lahoratory purposes, however, it is sometimes
convenient to have tabl:s available appropriate to holding the frequency St
fixed and varying the size o/ the antenana. These arc given at the and of .
Appendix B and have been gbtained by interpolation from the earlier tables. ; -

It is perhaps wo>th while to comment on some of the more obvious
features of these loop antenna impedances. As can be seen, the fiest anti-
resonance, occurring when the circumfarence of the loop approximates a
half-wavelength, is extremely sharp. This well-knowa effect is easily
explained by noting that a sufficiently small locp resembles closely a short-
circuited quarter-wavelength transmission line and h~s 2 correspondingly
sharp autirescnance. -

Of squal interest is the rapid disappearance of resonances as the
cizcurnference of the antenna incrzases. Thus, for 059, a second resonance
point does not even exist. If one corpares these impedances with those
for a dipcle antenna_ it is seen that the two are similar, both qualitatively )
and guantitatively, for ¢ > \. The prime difference is that the loop is A N
essentially more capacitive (by about 130 ohms) than a dipole. This can be
explained on the basis that charged surfaces are closer together on a loop
than on a dipole. This shift in reactance level by 130 ohins permits the
dipole to have several resonances and antiresonances, whereas, as noted

e g
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previously, a moderately thick loop {2<9) has essentially only one anti-
resonance. The rssistance curves for the loop and dipcle are very
similar, with the resistance minima having almaost identical values,

It is interesting to compare these theoreiical loop impedances with
some experimentally measured ones. Miss Phyllis Kennedy of Cruft
Laboratory has measured some loop impedances, using a half-loop over
an image plane, and driven by a two wire line. The explicit configuration
is indicated in Fig. 4:1a. One set of the admittances measured by Miss
Kennedy appears in Fig. 4.1b together with the corresponding theoretical
curves. The z2greement between the theoretical and experimental curves
is seen to be excellent. It is seen that the resistance peaks near resonance
on the theoretical conductance curves are slightly higher than those on the
axperimental curve. This could have been anticipated as ohmic losses of
the loup were not taken into account in the theoretical solution. The two
_ suscepiance curves differ by a slight additive smount throughcut the entire
range. This can readily be attributed tu the so-calied end coupling effect
of the feeding line, which arises frpm the fact that the transmission-line
excitation differs from the ''zlice generator' used in the theoretical modsl.
King {6] has calculated this end effect for a dipole antenna. The dominant
correction term is a negative capacitance in shunt with the antenna. Quits
obviously, the end correction for a loop antenna shouid be similar, even to
the order of magnitude. If such an approximate correction is made to the
susceptance curve of Fig. 4.1b, this is changed in the right directinn.

In Appendix C, values of the quantities 1/a, and the functions Jk(é) are
wresented graphically to facilitate evaluation of the curresi distribution
using equations {20) and (21). To obtain an idea of the type of current
distributions on loop antennas, some were calculated for the explicit case
of 1 = 10. Owing to the fact that the Jk“) were evaluated by numerical

integration, there exists a slight discrepancy betweern I{o) and the admittance,

Since the admittance values arc more accurate, they were used in place of
i(o).

One of the clagsic assumptions in antenna literature is that a small
loop has a conatant current distribution. To examine the validity of the
assumption, the actual current distribution were calculated for 2 = 10 and

s
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kb = .1, .2, .3, and 4. These appesr in Fis. 4.2, It is apparent that for .
the smallest loop, kb =.1, the current variez in magniiude by about 5

and hence can be considered reasonably constant. For kb=.2, however, N
the variation is well aver 10%, On the basis of these roauits, one would - )
be led to the canclusicn that loops much larger than kb =. 2 cannot bs .
considered small.

In order to obtain an idea of Low the distribution of currant varies as ,
the size loop increased, values of it were culculated for =10 and kb = .5, l
1.0, 1.5, 2.0, and 2.5. These results appear in Fig. 4.3, Perhaps the most
noticeable feature in thece curves 2zpears in the plots of magnitude and
phase {ar the larger values kb. For values of $ < 90°, it is apparens that ‘ ,' .
the ~urrent distribution is beginning to approximate a traveling wave, in th2 |
sease that variations in the magnitude have beén reducéd and the phase is
becoming linear. This is in agreement with the observation made in "
connection with the impedances, namely, that for larger kb the magnitude !
of the variation of the resistance is reduced.
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Appendix A

Evaluation of Kn

From {4) it is seoun that
1 [ ikRIE)
= K - K T (
+1 X(¢)

n n 2% J
°

1 fremRe
f-m— e‘iu 2j sin /2 dé

[ ej(n+ 1i¢ -ejn‘] d¢ =>0

The "thin-wire" approximation is that k2 a << 1, az<< b
terms of this order of magnitude yields

Zw
n 2%

. Neglecting

eindlz— © 2jsinéf2 dd

2
+ term of order (a )

® .- ,
-1 j ¢-2Jkb sin 8 + j(2u+1)e
[

e

=3 {3 01200 - 30, (2000
where

I, k= f sin (xsin® - (2n+1) €)d0

CA e Uy g,

is the Beasel function of order 2ntl, and

»
%nﬂ.(’f) =~:—f cos (xsin 8 - (2n+1) 0)d®
()

-is the Lommel-Weber function of ordes 2n+l, tabulated in Janke-Emde.

H t y v S, (4,
e LR N 7o Ty
=

Thus, the above result provides a revession formula for Kn’ i.e.,

4" Ki:rl»l 'Kn = %nﬁ-l(zu’) tid

e
T

(2kb), n>0

i}; ¥

2nt+l

5

Therefore, all that remains to evaluate is K .
be writtex a3

This coefficiont can




5 .
. 3 v

e e

3

, £ L-JKBR(6) - 2kbeing/2 2 2
I —Wd‘ = Zeind/2 dé+termof{a®/b")

‘o

It also can be almwn2

m =z == In=—— <+ tzrms 0(82/132)

2% " a

2%

{‘ 1 8k

g

So, to the order of approximation consistent with origiral integral égunation,

2kb 2kb

- 1 8b .

By W/ -12 f %(x)dx - i f Jo(")a“i
) o

By = Kaay - Ky = By (2D 4 Tp,(260)

. N
NP P g A TT g e T RN

Another expression, useful fur dstermin’ag Kn for large n, can also be
found. From the above it is seen that
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Ingserting the integral expressions for An yields

n-l 7 ) ‘ (
- -2jkbsing + j(2n+lig
I{n = Ko + a}- Z j e 3 dé 3
o o
H 2jné |
= -2jkbsing | e -1
= Ko + .;il’- J ¢ s1in id‘
°

1) “2'1“ f [o-2kbsing + 2jné _ ;3 d
0
x

2jnd
1 8b , 1 . -2jkbsiné .y e ,
=y Im a+2le° ‘1]?576‘
°

2kb
SR -1 if [ R, (<)1) I, (x)ex - & Z'ﬂ!"‘f

This result can be uged conveniently to determine the form of Kn for
large N. For n>>kb, the integral is small, vanishing in the limit. Thus

n-1

n>>i; a>kb, K ~(= ln-a-h'-—g- Z-ER-—-) -'Lj I .zdx

Now, using Sterling's formuld to evaluate the harmonic series, it can be
shown that

Y"—m

Similarly, for n>'b

+ % 1n4n, ¥{=.5772) is Euler’s constant. .
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‘Jn(x) = ﬁ-ui;'ﬂ—' ('%‘)

+1 A
,,1 Zb k‘n)n 7 a“>>1
SoKn u(ln a ~Y-lan) -] 'ﬂszT;TiT_ n>k¥b

The Fourier coefficiext, & , (4), can be written as

2 L - -1
_ n n
ny = (kb -Fp) K 4 kb [ .
Since An vanishes for large n, the asymtotic value of L is giveri by

2 20+l 2.
n 1 2 . (kb) n>>1
an(kb-W)[t“n;L’“lnn)'J, n an>kb
Finally, (by simple insertion of numerical values), it can be shown that
for kS 2.5, and nZ 5, that the asymtotic value of . 38 given above differs
negligibly from the correct value.
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Appendix B

Input Impedance of Loop Autennas

In the following tables impedances, Z = R + jX, are given in ohms and
admittances, Y = 1/Z = G + §B, are given in mhos. The loop radius is
designated by b and the loop wire radius by a. The ratio b/a is expressed

in terms of the parameter Q= 1n 2_'_1"_13_ . Note that 2rb = c, the circumfsreénce
in’

of the loop, and kb = "‘T" = %— » where )\ is the wavelength, Thus kb is
simply the circumference of the 1oop divided by the wavelength,

Part It Greohs of the Input Impedance as a function of frequency
Figure Bl: R vs. kb for 8= 8, 9, 10, 11, 12; kb 5 2.5

Figure B2: X vs. kb for Q= 8, 9, 10, 11, 12; kb = 2.5

Figure B3: G vs. kb for §= 8, 9, 10, 11, 12; kb =2.5
Figure B4: B vs. kb for Q= 8, 9, 10, 11, 12; kb 52,5

Figure B5: Locus of Resonance and Anti-Resonance Foints

Part Ii: Tables of Input Impedance and Admittance as a function
of {requency.

Table Bl: Z aid Y ve. kb for ©= 8, 9; kb 52,5

Table B2: Z 2nd Y vs. kb for 2= 10, 11; kbgz.S

Table B3: Z and Y vs. kb for 3= 12; kb §2.5

Part Iil: Tables of Input Impedance for ka constant
Table B4: Z vs. kb for a = 3/16in., 1/4in., 5/16in, at A= 100 cm.
'Table B5: Z vs. kb fora = 3/8in., 1/2in., 3/4in.,at )= 100 cm.
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1= 8, 2xb/a = 54.60

TABLE Bl

Iinpedanco of Loop Antennae

as a Function of Frequency

Q=9, 2zb/a = 90.02

169.0
106.6
84.56

73.73

72.87

73.28
76.62
80.72
87.59
94.81

104.4
118.4
128.0
142.0
157.4

172.9
188.1
200.7
207.4
2067.5

199.8
HC
169.5
152.8

138.7

824.4
544.1
400.2

219 o
J42.0

-256.3

204.4
168.4
141 .4
115.5
94.30

77.20
63.08
52.23
44 .54
41.09

41.89
4E.12
60.73
76.86
$5.54

113.3
126.1
132.7
133.1
128.9

.2387
3469
.5054
7357
1.072

i.5
2.22
3.117
4.193
5.302

6.193
6.672
6.696
6.412
5.949

5.462
4.991
4.565
4.240
3.977

3.788
3.684
3.657
3.722
3.869

1.164 | .55
1.770 | .60
2.392 | .65
5.0e8 | .70
3.683 | .75
4.335 | .80
4.934 | .85
5.376 | .90
5.531 | .95
5.274 [1.00
4.579 |1.05
3.648 {1.10
2.732 |1.i5
2.011 {1.20
1.553 |1.25
1.323 |1.30
1.277 |1.35
1.382 [1.40
1.571 (1.45
1.831 {1.50
2.148 |1.55
2.497 11.60
2.864 |1.65
3.242 {1.70
3.595 §1.75

-19.-

154.3
99.68
80.23
74.58
70.48

71.62
75.22
81.00
89.08
98-94

111.8
127.6
147.1
171.2
200.4

234.0
270.2
302.2
320.5
315.5

287.5
247.0
206.3
172.5
147.8

962.0 .1625
639.4 .2380
471.9 .3502
367.1 .5183
293.3 7744
237.5 1.164
192.8 1.757
155.6 2.633
122.7 3.874
95.22 5.247
70.25 6.413
48.16 6.860
29.22 b.541
14.36 5.800
5.427 4.986
4.986 4.271
17.55 3.686
46,51 3.232
91.53 2.885
142.0 2.636
184.7 2.462
207.6 2.373
211.7 2.361
eb2.6  2.437
186.7 2.607

R X G6-10° B10° w R x G-10° B.10°
0048 43.57 .0025 -23.95 | .U5 0046 51.99 .0017 -19.23
0402 88.77 .0052 -11.36 | .10 ‘0392 §07.4  .0034 - 9.311
333 140.5 .0078 - 7.119 | .15 ‘1538 172.0  .0052 - 5.814
‘5939 2057  .0140 - 4.850 | .20 ‘5917 252.2  .0093 - T.0b4
1.742 293.1 0203 - 3.412 | .25] 1.7%  360.6  .0135 - 2.773
6.143 427.4 0336 - 2.339 | .30 6.327 529.1  .0226 - 1.890
23.72 5752 0820 - 1.479 | .35| 28557  853.2 .0351 - 1.171
140.1 1344.0 0767 - .7361| .40| 162.5  1776.0  .0518 - .5662
7972.7 2189.8 1172 - .0322| .4%/1188.0  -3119.4  .0756  .0209
502.2 -1677.8  .1638 "se71| 50| 415.0 -1887.9  .il1i1l  .5054

1.013
1.527
2.060
2.622
3.223

3.860
4.502
5.057
5.337
5.050

4.030

2.589

1.300
4866
.1350

0910
2394
4975
.8239
1.186

1.£81
1.994
2.423
2.862
3.293
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TABLE Bl
(Continued)

G-10° 8.10° W

R

X G-10

3

-121.%
-112.6
-104.2

95.82
88.39Y

82.18
77.20
73.74
71.84
71.22

71.99
73.82
76.29
79.05
81.71

4.106
4.415
4.775
5.146
5.485

5.766
5.958
4 .050
6.056
6.001

5.903

3.909
4.1%8
4.310
4.356
4.27%

4.142
3.938
3.720
3.531
3.385

3.286
3.263
3.286
3.349

3.4611.

1.80
1.88
1.90
1.95
2.00

2.05
2.10

N
S &

VNN vt
MR
Sprowmo n

130.9
121.7
114.6
114.8
117.0

121.7
128.8
137.4
148.0
159.1

170.4
180.0
186.8
190.6
187.8

-168.1
-146.6
-131.4
-115.1
~-101.6

87.95
77.5%
70.01
64.94
63.49

- 65.77
- 72.08
- §1.78
- 94.78
-106.4

"2.883,

3.273
3.774
4.345
4915

5.398
5.697
£.776
5.665
5.421

5.108
4.788
4452
4.206
4.031




TABLE B2

Impedance of Loop Antennae

Q=10; 2vb/a = 148.41 a=11. 2xb/a = 244.69

3
R X G-10° B-10° R X G-10

0051 62.59 .0013 -15.38 |. 0047 72.24 .0009
0410 128.0 0025 - 7.812 ;. 0411 147.0 .001¢
A577 203.7 0038 - 4.908 | . 1532 2339 .0028
.5936 297.7 0067 - 3.360 .5991 342.7 0051
1.777 425.8 0098 - 2.348 1.744 488.8 0073

6.355 624.4 0163 - 1.601 6.263 7:3.%6 0123
25.47 1003.1 0253 - .9963 24.43 1136.6 0189
159.7 2063 .4 0373 - .4818) .40] 149.1 2294 .4 0282
1679.4 -3205.9 0571 .0109| .45[2263.2 5631.6 .0430
468.8 -2250.5 0887 4258 .50 479.5 -2768.6 0607

156.6 1132.6 1177 .8590| .53 167.7 -1360.8 0892
100.7 756.0 1731 1.300 | .60 100.0 - 8913 1316
80.95 555.7 .2567 1.762 | .65| 84.42 - 650.5 .1962
©3.25 430.4 3842 2.258 | .70] 75.87 - 500.7 2959
71.23 3419 .5841  2.803 73.50 - 394.9 4556
72.60 274.3 9018 3.407 | . 74.78 314.0 7175
76.57 219.5 1.416 4.061 | . 78.92 248.3 1.162
82.99 173.3 2.248 4694 | . 85.67 192.1  1.937
91.97 132.5 3.534 5.093 95.37 141.5 3.274
103.7 95.58 5.214 4.808 108.1 95.57 5.192

119.2 61.60 6.621 3.422 12..5 - 51.61 6.816
138.9 29.61 6.884 1.468 |1. 148.3 - 8.7716.720
164.8 - 12.50 6.067 .0046]1. 179.4 33.22 5.389
199.2 25.90 4.936 .6415]1. 222.4 73.70 4.051
244 .4 45.67 3.954 .7390i1. 282.8 109.6 3.074

[
v - - N
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=
x3
7
Ty

4

302.2 53.12 3.210 - .5642]1. 367.3 132.4 2.410
371.0 37.06 2.669 .2666}1. 480.3 217 1.956
438.4 - 16,75 2.278 .0870j1. 604.5 50.75 1.643
415.9 109.9 :.995 .4607|1.45] 677.1 122.7 1.430
4£5.1 214.2 1.799 .8465{1. 627.6 - 3080 :.284

AT

491.3 412.2 195
325.3 425.4 .156
260.3 393.3 179
198.2 346.3 .245
162.4 295.3 1.430

384.9 286.2 1.673 1.244
302.8 309.7 1.614 1.651
234 4 299.8 1.619 2.070
185.2 274.2 1.692 £.504
153.5 242.6 1.863 2.944
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TABLE B2

{Cortinued)
R ¥x G-10 B-103 x R X G-10° B-10°
133.7 2113 2.139 3.380 1.80 138.1 -253.9  1.653 3.040
122.6 1817 2.551 3.731 1.85 126.3 -213.3  2.055 3.471
118.1 Tig4's 31122 4086  1.90 1221 -176.4  2.653 3.832
118.5 11298 3.836 4,202 1.95 124.0 -142.6  3.471 3.994
123.2 21075 4610 4019 200 130.5 -111.5  4.429 3.786

131.6 - 87.41 5.272 3.5C0 2.05 142.1 - 82.63 5.259 3.058
143.9 - 69.91 5.625 2.732  2.10 1%9.2 - 56.28 5.583 1.974
159.8 - §5.64 5,580 1.942 2.15 182.5 - 33,00 5307 .9598
179.6 - 45.83 5.228 1.335 2.2C 2i2.8 - 15,14 .4.678 3328
202.5 - 41,74 4.737 9764 2.25 250.7 -~ 4.150 3988 .0662

227.6 - 45.36 4.226 .8424 2.30 295.8 -~ 6.389 3.380 .073C
251.3 - 58.68 3.774 .8812 2.35 342.5 - Z7.26 2901 .2309
269.6 - 81.82 3.397 1.031 2.40 379.2 - 70.53 .2.535 4715
277.5 -112.5 3.094 1.265 2.45 397.6 -132.8 2.263 .7559
271.3 -144.3 .2.873 1.528 2.50 38l.6 ~196,0 2.074 :1.0&5
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TABLE B2
Impedance of L.oop Antennsa

0= 12; 2xb/a = 403.43

R X c-10° B.102

.=2008 -12.28
. 0015 5.986
.1548 0022 3.769
5967 .0040 2.589

0057 1.820

.0095 1.254

.0149 7962
0219 4076
0337 .0340
0474 2799

—-—

0700 6102
1033 9842
.1547 1.307
.2348 1.703
.3650 2.153

.5839 2.¢31
5698 3.308
1.682 4.022
3.017 4.642
5.178 4.406

>
o« e e

6.974
6.393
4.660
3.278
2.392

2.194
.5478
1.652
1.718
1.390

1.
1.
1.
1.
1.

.834 .9905
471 - 5954
.229 .2218
063 .1332
8546 4785

bt Pt Pt ot ot
[ A

.889% .8153
.8654 1.157
.8829 1.513
9503 1.889
1.085 2.291

Pt Pt s Pt Pt
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TABLE B3
(Continued)

X

-297.6
~245.3
-193.8
-154.6
-113.9

- 75.20
- 38,28
- 36.02
26.49
48.43

53.74

28.71
- 39.84
-148.0
-259.2




a=3/16in at A =100 cm

TABLE B4

Input I'npedance for ka Constant

a=1/4in at A\=100 cm

a=5/16 inat\=100 cm

Kb R X R X R X Kb
.05 05
.10 1o
.15 149 132 .15
.20 214 217 196! .20
.25 2 385 2 357 13| .25
.30 7 625 6 526 5 500 .30
.35 25 999 27 908 23 801| .35
40 172 2209 167 1986 169 1871 .40
45 19992 -3998 15202 -5153 13535 -3981 .45
.50 376 -2320 408 -2251 410 ~2094| .50
.55 170 -1348 152 -1200 129 - 963 .55
.60 104 - 905 103 - 820 103 - 767! .60
.65 85 - 670 83 - 613 81 - 870} .65
.76 77 - 525 75 - 486 74 - 435| .70
.15 75 - 422 73 - 391 72 - 367 .75
.80 76 - 342 75 - 317 14 - 298 .80
. .85 8l - 270 80 - 255 78 - 242] .85
.90 89 - 210 87 - 197 86 - 1881 .90
95 98 - 155 97 - 150 5 - 142} 0%
1.00 112 - 102 110 - 95 108 - 95{1.00
1.05 iz2 - 39 129 - 45 126 - 50}1.05
1.10 157 20 154 6 151 - 3f1.10
1.15 195 g 81 189 60 154 451118
1.20 245 (12.447 152 238 118 231 95]1.20
1.25 311 175 239 1451 1.25
1.30 426 229 402 186 11.30
1.35 589 244 547 1911.35
1.40 836 167 739 118 1,1.40
1.45 988 - 108 §53 - 119} 1.45
1.50 918 - 448 800 - 4001 1.50
1.55 689 - 613 600 - 54711.55
i.60 447 (??..446) - 623 433 - 553 1.60
1.65 289 - 49711.65
1.70 21% - 434]1.70
1.75 170 - 365}1.75
1.80 146 - 3091}1.80
1.85 134 - 252}1.85
1.9¢ 126 - 200} 1.90
1.55 132 - 160|1.95
2.00 141 o - 113 2.00
2.05 157(12494) - 721 2.08

IR O




TABLE B5
Input Impedance of Loop Antenna

for ka Constant

a=3/Binat\=100cm a=z=1/2inat\A=100cm a=3/4inat\ =100 cm

R X R X R X ' Kb

05
.10
.15
.20

Wk x W W
DWNONO

e T
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ot ot ot
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TABLE B5
{Continued)
=1/2inat\=100cm &=3/4inatA=100cm
R X R X Kb

f»
L]
L7
[$-]

2

143 140 -266 | ¥36 -232 | 1.80
133 128 -225 | 125 -700 | 1.5
124 122 -182 | 118 -168 | 1.96
130 126 -150 | 122 -138 | 1.95
138 134 -111 | 128 -110 | 2.00

.

00 ™ B
AT QU 2

153 147 79 | 139 2.05
181 170 45| 156 2.10
211 193 151 179
250 235 i5] 209
310 286 34 1 248

NIV
G.OMmOoWm
N -
n O W

395 353 39 | 294
489 427 16 | 343
598 - 25 499 - 42| 387
653 (92.486) ~174 £41 ~148 | 409

.
.

VNNV N VYNNI I Rl

.

NN (SR N

SL8Ls
&5

517 (?1.951) -262 1 398 (11.141)
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Appendix C

Graphs to Facilitate Evaluation of the Currunt Distribution

on a Loop Antznna

The current distribution on a laop antenna iz given explicitly by

equation {20)

4
3
1) = F,YZ—[-}- +zy cotnd _Zn rkboariers (20

O'LJ 1 n lu—:-g

where

V is the voltage driving the antenna

I =120 ohms

[o)
a = radius of antenna wire
b = radius of antenna

k = wec=2a/

To facilitate evaluation of this for-nula, the succesding pages contain the

following graphs:

Figure C1: Re(lje ) R=8,9,10, 11, 12, kb 5 2.5

Figure C2: Im(l/a )i 8=8,9,10,11, 12, kb 52,5

Figure C3: Re(l/a)); R=8,9,10,11,12, 52,5

A

Figure C4: Im(l/al); 1=8,9, 10,11, "2, kb =2.5

A

Figure C5: Re(l/az); Q2=28,9,10, 11, 12, kb = 2,5

Figure Ch: Im{l/a,); @=8,9, 10, 11, 12, kb T 2.5
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